10.7. FLOW OF VISCOUS FLUID BETWEEN TWO PARALLEL
PLATES
10.7.1. One Plate Moving and Other at Rest—Couette Flow

Let us consider laminar flow between two parallel flat plates located at a distance b apart such
that the lower plate is at rest and the upper plate moves uniformly with a constant velocity [/ as
shown in Fig. 10.20. A small rectangular element of fluid of length dx, thickness dy and unit width
is considered as a free body (see Fig. 10.20). The forces acting on the fluid element are:

|¢—U—’[ Moving plate

—» U
: I: [T'f'%‘djjit

b b 7S
A s
] distribution Fﬁ_"l

Stationary plate
Fig. 10.20. Couette flow.
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Chapter 10 : Laminar Flow 571 I —
I. The pressure force, p.dy = | on the left end,
. The pressure force, [p + % c.'.r)d_‘yx 1 on the right end,

[

s

. The shear force, T.dx * | on the lower surface, and

4=

. The shear force, (1 + %t," - dy Jd_‘t x 1 on the upper surface.

For steady and uniform flow, there is no acceleration and hence the resultant force in the
direction of flow is zero.

p.dy- (p+%p- aﬁr]dy-rctr*r[wg-dy]dﬁﬂ

op  + T ey =
or, axdta}+ayd}dx—0
Dividing by the volume of the element dx.dy, we get:
2]
@» & .(10.19)
ox oy

Eqgn. (10.19) shows the interdependence of shear and pressure gradients and is applicable for
laminar as well as turbulent flow. Accordingly the pressure gradient, in the direction of flow, is
equal to the shear gradient across the flow.

According to Newton's law of viscosity for laminar flow the shear stress, t= . « g_% Substituting

for T n eqn. (10.19), we get:
P, O
ax a'p:

Since %E is independent of y, integrating the above equation twice w.rl, y gives:

_ 1 ép »
u = .E..éf.}r +Cl"p+ ('2 (10.20)

where, ) and C, are the constants of integration to be evaluated from the known boundary
conditions. In the present case the boundary conditions are:

At y=0u=0and at y=bu=U
- LU _ (o
C,=0 and C, b Zp[é‘x]b

Hence, substituting the values of C| and €, in egn. (10.20), it yields the following equation for
the velocity distribution for generalised Couetre flow:

U1 dpg, 2
u R4 2 ox (by — ¥7) _(1021)

[ The eqn. (10.21) indicates that the velocity distribution in Couette flow depends on both 7

U/ and [%E— ] However, the pressure gradient (%E) in this case may be either positive or
X
negative. In a particular case when {EE) equals zero, there is no pressure gradient in the

direction of flow, then, we have v =U % which indicates that the velocity distribution 1s

linear. This particular case 1s known as simple (or plain) Couette flow or simple shear flow. |
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I 572 Fluid Mechanics
The discharge per unit width (g) may be obtained as follows:

b b
= fuwdv= [[Yyo 1.2 gy 3
q !ﬂd)—ﬂb,v oM 2y & }ludy

== ..(10.22)

The distribution of shear stress across any section may be determined by using Newton's law
of viscosity. Thus,

Y- S KV Y
T -u[ ar“’ 2y)

ey “H e ", I
I A B T
K T3 5y (b-2y) -{10.23)

The type of flow discussed above (i.e. low of viscous fluid between two plates-one stationary
and the other moving) i1s known as generalised Couette Mow.

10.7.2. Both Plates at Rest

In this case the equations for
velocity, discharge ¢ and the shear
stress can be obtained from similar
equations for generalised Couette flow
by putting /= 0. Thus for flow between
two stationary parallel plates, shown in
Fig. 10.21, we have:

Velocity,

Velocity distribution

Shear stress
dustribution

Fig. 10.21. Flow between stationary plates.

S N TS
n ax{hy ¥) .(10.24)

[Egn. (10.24) represents the plane Poiseuille flow]
Discharge per unit width,

=

b dp
= - = ..(10.25
q 25 (10.25)
|/
Sh = - L (102
ear stress, T > Bx (h—2y) (10.26)
10.7.3. Both Plates Moving in Opposite Directions
For flow between parallel plates, the veloeity distribution is given by:
1 7
u = E-(—__}E-yz+ Cy+C, ..Eqn. (10.20)
In the present case the boundary conditions arc:
At, y=0,u=-VF, and
At, y = bu=U

Substituting these boundary conditions in eqn. (10.20), we get:
-V=0C, le. Co==VF

=L(_3£ - -
and, U= b Cb-
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Iy = L. 0P 2
or, U+l o Bxb +Cb
- nl_lép,
C, = (U+1} }b 2 o b
Hence the eqn, (10.20) becomes;
Lf

Fig. 10.22. Flow between parallel horizontal plates, both the plates moving in opposite directions.

=L1.%, 2 A_L 3 oy
I T il +|:[U+Hb 3 Ox hU) I
u = {UH»}l_L.QB@_},:]_V L(1027)

b u ox
The distance y at which the velocity u 15 zero may be determined as follows:

y_ 1 04, iy y =
{U’+V}§J n ax(by y-1 0
Rearranging the above equation, we have:
L. opp (U+V 1 o ] =0
21161'v+(b '.?ufi\:b'll

Solving this quadratic equation, we have:

fu+v_v ap 0, |(Usv 1 ap Y, .0 0,
b L b Twa | b T ax " ox

ZXL.GE
u dx

sy ap 0 [(UP YL (pY e WD) dp

U Tw A blﬁ\j( b ]*4p2(ax TR
- I op
poox

The above equation will yield two values of y, one which is +ve and less than b will be accepted

and the other one rejected.

The discharge per unit width of plates is given by,

q= fudy

]

L
!

[
}
b P -|
"y _ op A
ﬂwn}b & b=y -V|
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w1 v 2
{U+V}|:*231J I axl:b‘T_rTl -Vivl

- yo_ 1.9 L
U+ 3 max[z 3Jn&
= U=V g i{igfb’ (10.28)

The distribution of shear stress across any section may be determined by using Newton's law of
viscosity. Thus,

_ du
- i W21 % gy 3 |1
d'l b u ox _]
_Jusv 1 |
u[ b w a 2 b 2y]|J
_ U+vy\ 1op,
u(—b ) 2ax(b 2y)
- nit_op(b_
w+nk 6'1(2 _p) ..(10.29)
The distance y at which the shear stress will be zero is obtained by putting eqn. (10.29) to zero.
Thus,
w_apf(b_ Y-
{U+V)b 61(2 y] 0
fﬂ(ﬁ_ .] - Y=
o ax\27Y) " UG
Ww+nk
or b, T
2 %
ox
_ b p(U+V
Yo 3 b[Bp:’BxJ ~(10.30)

Example 10.24. Determine the direction and amouni of flow per metre width between two
parallel plates when one is moving relative to the other with a velocity of 3 m/s in the negative

direction, :f P -_ 100 x 10° N/m’ and w = 0.4 poise and distance between the plates is | mm.
{MG[‘ Kerala)

Solution. Given: [/=-3 m/s; % ~ 100 % 10° N/m’, p = 0.4 poise = 0.4 * -m =0.04 Ns/m";
b=1mm=0.001 m,
We know that q= U- b_ —'Ei P [Eqn (10.22)]
’ 2 12 ax

Substituting the values, we have: N
= _3x 0.001  0.001

q-= 3 " T20.03 " 100 10°) = 0.2068 m’/s

Hence, amount of flow per meire width = 0.2068 ms. {Ans.)
Positive direction (7.¢. in the direction opposite to that of the moving plate). (Ans.)
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Example 10.25. Two parallel plates kept 100 mm apart have laminar flow of oil between them
with a maximum velocity of 1.5 nvs. Calculate:

(i) The discharge per metre width,
(i) The shear stress at the plates,
(iify The difference in pressure berween two points 20 m apart,
(iv) The velocity gradient at the plates, and
(v} The velocity at 20 mm from the plate.
Assume viscosity of oil to be 24.5 poise.

Solution. Distance between the parallel plates, & = 100mm=0.1 m
Maximum velocity of the oil, 1.5 m/s
Viscosity of the oil, g = 24.5 poise = 2.45 Ns/m*
(/) The discharge per metre width, q:
In this case the average velocity of flow,
T 3 =3 %15 L0

g=uxb=10=01=01 m’fsperm{.a\ns.}

(i7) The shear stress at the plates T, :

3
We know, q= 1% [- %g] .. [Eqn. (10.25)]

Substituting the values, we have:
3
01 = 01 ( ap ]

12x 245 ax
or, (-@) = 01x12x 393 _ 5940 Nim¥/m
ox 0.1
The shear stress across any section is given by
=1 QEJ N .
=3 ( 2 )b - 299 .[Eqn. (10.26)]

The shear stress at the plates is obtained by putting y = 0 in the above equation. Thus,

N
Yo 2( a:)”

21 * 2040 = 0.1 =147 N!mz(,\ns.]

2
(iif) Pressure difference between two points 20 m apart:
We know, _or 2040
ox
or, —dp = 2940 x
Integrating w.rt. x, we get.
P Xy
I{- op) = '[2940 (&x)
P ]
or, P, =P, = 2940 (x, - x,)

= 2040 = 20 = 58800 N/m" or 58.8 kN/m? (Ans.)
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(iv) The velocity gradient at the plates, | g—‘: i :
Sy

(8]

auJ _ 1, 147 1
or, — = H2=—" =605 (Ans.)
(éw oo M 245
{v) The velocity at 20 mm from the plate:
- . (= — 3 3 2
u PN { P )(5}’ » ~[Eqn. (10.24)]
- I Y _nm2
37245 %2940 (0.1 = 0.02 - 0.027)
(> y=20mm=0.02 m)
= .96 m/s (Ans.)

Example 10.26. 4 liquid of viscosity of 0.9 poise is filled between two horizontal plates 10 mm
apart. If the upper plate is moving at | m/s with respect to the lower plate which is stationary and
the pressure difference between two sections 60 m apart is 60 KN/, determine:

(i) The velocity distribution,
(i) The discharge per unit width, and
(iffy The shear stress on the upper plate.

Solution. Viscosity of the liquid,

1 = 0.9 poise = 0,09 Ns/m”

Distance between the plates,

b=10mm=0.0lm

Velocity of the upper plate, /=1 m/s e e

Pressure dif!'crcncn between the sections 60m -~ -
apart = 60 kN/m~

ap 60x 10° Stationary plate |
(- Ox ] ) 60 L_f\[) m—
= 103 N/m*/m Fig.10.23

() The velocity distribution:
The system corresponds to Couette flow for which the velocity distribution is given as:

Ui (-2 \py—?
" b,‘”m[ ax)(by ¥) -[Eqn. (10.21)]

. I s .
0017 * 32009~ 10 (001X y - y7)

V(100 + 55.55 - 5555.55 )
v(155.55-5555.55y)
Hence, the velocity distribution is: w =y (155,55 — 5555.55 y) (Ans.)

Il
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(if) Discharge per unit width, 4:
b

oo
o
ool

Iuss.ss y - 5555.55 %) dy
(1]

q

2 }-ll)l:”
= [155.55x £ 5555.55 L
2 3
]
2 3
= 15555 200 _ 5555 55, 001 |-|
2 3

(0.007777 - 0.001852) = 0.005925 m*/s (Ans.)
(iif)The shear stress on the upper plate, 7, :

al[ 6 2.
Shear stress, 1= p-| — |=p — (155.55 y - 355555 ")
. [Dzv) "o

= 009 (15555111111 y)
For the top plate, y = 0.0l m
Ty = 0.09 (155,55~ 111111 = 0.01) = 4 N/m* (Ans.)

Example 10.27. Fluid is in laminar motion between two parallel plates under the action of
motion of one of the plates and also under the presence of a pressure gradient in such a way that the
nel forward discharge across any section is zero.

() Find ourt the point where mintmum velocity occurs and its magnitude.
(ify Draw the velocity distriburion graph across any section.

Solution. In the given case of flow, the velocity distnbution is given by:

= E !_LQB P .
Y T ma ) ~[Egn. (10.21)]
and, the discharge per unit width,
U B -
2 12 ox . [Egn. (10.22)]
Net forward discharge,
7=9 A Given)
U —m

| Moving plote

Stationary plate

Fig.10.24
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_Ub_ ¥ ap
2 12u é&x
o dp _ Ub 12 _6uU

ou
ay
ofu 1 ENE
Thus Ely[b ¥ zpat(by $)|J-0
U_13dpgy_ -
or, b 2|.lﬁx{b 2y) 0
U _ 1, 5,
or, 3 Zhlét(b 2y)
A = (U/b)= 2n
L b-2) = i
_ . Wibhxu
or, 2y b —(3;1 Ta)
- y=b_Wibxp b [.‘.é‘g:L‘U)
2 quU/b 3 ax b

Hence, minimum velocity occurs at a distance -g— Sfrom the fixed plate. (Ans,)

The magnitude of minimum velocity is obtained by putting y = -;3 in the equation of velocity
distribution. Thus,

= — J_ng ] 2
u Lb Y33 (by — »%)
= E E_Lx U é.._£
or, Upin bx 3 blz [bx 3 9]
_ II_?.U:_U
_3 —3 3 {Ans.)

(i) Velocity distribution graph:
The velocity distribution graph may be drawn by substituting arbitrary values of v such as 0,15,
0.2h, 0.3 etc. in the equation,

U 3u

= 2Ly (by - V2
u= v bzt,v yo).
and computing  in terms of /.
Also, when u = 0,y=0and %b

The velocity distribution graph is shown in Fig. 10.24.

Example 10.28. Show that the discharge per unit width between two parallel plates distance b
apart, when one plate is moving at velocity U while the other one is held stationary, for the condition
b

of zero shear stress at the fixed plate 1s q = UT
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Solution. The given case of flow corresponds to Couette flow for which the velocity distribution
given by:

=Y i (_2)\ey-y?
o= Uoye k(-2
.. Discharge per unit width,
b b
- B AR W (.3 PPN
q Duﬂfv ![b Hiu[ ax]lby J')Udy
b
_fu 2 ey, Y
b 2 2\ ox 23 ),
2
:g.b_,,L[_é‘E)b_’_b_’
b 2 i\ oxJL2 3
_Ub 1 ( B -
3 +311( a.r]ﬁ A0
Strcss,t=p-a—“
ay
_ . d|uy l( _Bg) 2, |
= a2 3 by —
udy[b " e )¢ y)u
N NS N2 PP
p[b+.ﬁ1( &r]{b 2_v)|J
But shear stress at the surface of fixed plate (v=0)=10 ... (Given)
N A
o= u[§ g (-2
v, _5_P) -
or, b+3ﬂ[ - b =0
1 _62]_ u
or, — - = =
lu( Ox b*
Making substitution for this expression in (/), we get:
3
= @ Q b— = —.[-—{é- ,._(vaed)

2 p 6 3

Example 10.29. Laminar flow of a fluid of viscosity 0.9 Ns/m and specific gravity 1.26 occurs
berween a pair of parallel plates of extensive width, inclined at 45° 1o the horizontal, the plates
being 10 mm apart. The upper plate moves with a velocity of 2.0 m/s relative to the lower plate and
in a direction opposite to the fluid flow. Presstre gauges mounted at two points | m vertically apart
on the upper plate record pressures of 250 kN/m’ and 80 kN/m’ respectively. Determine:

(i) The velocity and shear stress distribution between the plates,
(ify The maximum flow velocity, and

(#if) The shear stress on the upper plate. MU

Solution, Viscosity of the fluid, p = 0.9 Ns/m”
Specific gravity of the flmd = 1.26
Distance between the plates, b = 10mm=0.01 m
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